We analyze transcendentality for certain terms that arise in multiloop amplitudes in the low momentum expansion of the four graviton amplitude in type IIB string theory in ten dimensions, based on the constraints of supersymmetry and S-duality. This leads to several contributions that violate transcendentality beyond one loop at all orders in the low momentum expansion. We also perform a similar analysis for the five graviton amplitude, obtaining contributions that involve single-valued multiple zeta values beyond tree level.
Introduction
Transcendentality of various terms that appear in the correlation functions or amplitudes in perturbative quantum field theory sometimes determines the presence or absence of certain contributions, and also provides a systematic way of understanding the role zeta functions and harmonic sums play in the various expressions. While theories with large amount of supersymmetry sometimes have correlators or amplitudes which preserve transcendentality or violate them by small amounts, this violation becomes generic as one reduces the amount of supersymmetry. It is also possible that in theories without supersymmetry, even though the correlator or amplitude contains terms that violate transcendentality, the maximally transcendental terms are closely related to their counterparts in a theory with enhanced supersymmetry. For example, maximally transcendental terms in transcendentality violating amplitudes in QCD can sometimes be related to their counterparts in N = 4 Yang-Mills theory. Detailed multiloop calculations in field theory are crucial for this analysis.
Similarly, it is natural to analyze transcendentality in amplitudes in perturbative superstring theory. In the absence of data involving multiloop string amplitudes where not much is known, it is difficult to perform a direct analysis as in field theory. In this paper, we shall look at simple patterns of transcendentality and its violation in type IIB string theory in ten dimensions which possesses maximal supersymmetry. Our analysis is primarily based on the constraints imposed by supersymmetry and S-duality of the theory, and avoids explicit calculation of multiloop amplitudes. We shall show that based on data JHEP02(2020)034 involving only the BPS interactions in the effective action, supersymmetry and S-duality predicts transcendentality violation beyond one loop for a class of non-BPS interactions at all orders in the α expansion, even though for none of these non-BPS interactions do we have a detailed understanding of their perturbative properties from the worldsheet. We shall see how this spacetime analysis is linked to the worldsheet analysis, in particular, this leads to a definite pattern of contributions that arise from the one loop string amplitude.
We first discuss this issue for the case of the four graviton amplitude in the type IIB theory, which leads to terms of the form D 2k R 4 in the effective action, where D schematically represents a derivative, while R represents the Riemann tensor. We also consider non-analytic terms of the schematic form (lnD 2 ) n D 2k R 4 in the effective action where n is a positive integer, and analyze patterns of transcendentality and its violation. We then briefly consider the five graviton amplitude, which leads to similar conclusions. For interactions of the form D 2k R 5 in the effective action that follow from the five graviton amplitude, we use supersymmetry and S-duality to predict the presence of single-valued multiple zeta values beyond tree level in the various interactions.
In our analysis, we always drop various numerical factors of vanishing transcendentality, and keep the ones that have non-vanishing transcendentality. These include the Riemann zeta function ζ(a) which has transcendentality or weight a. In fact, we only need to consider the cases where a is a positive integer greater than 1. 1 We also consider the multiple zeta value or the Euler-Zagier sum ζ(a 1 , . . . , a l ) = n 1 >...>n l ≥1;n i ∈Z 1 n a 1 1 . . . n a l l , (1.1) which has weight w = l i=1 a i and depth l. In our analysis, we only need to consider cases where a i are positive integers with a 1 > 1. Finally, we also consider the single-valued multiple zeta value ζ sv (a 1 , . . . , a l ) which has weight w = l i=1 a i and depth l, and which can be expressed in terms of multiple zeta values.
As stated above, in the absence of sufficient data about perturbative superstring amplitudes, we shall analyze transcendentality violation using supersymmetry and S-duality. For this purpose, it is useful to analyze the effective action of the type IIB theory in ten dimensions. This can be expanded in powers of α , and takes the form
in the Einstein frame, where S (0) is the supergravity action given by
Considering only the local terms, S (3+k) includes terms of the form 2
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where F 3+k (Ω, Ω), F 3+k (Ω, Ω) are S-duality (or SL(2, Z)) invariant moduli dependent couplings, where Ω = Ω 1 +iΩ 2 = C 0 +ie −φ . Among the moduli, C 0 is the R-R pseudoscalar and φ is the dilaton. On performing a weak coupling expansion around Ω 2 → ∞, F 3+k (Ω, Ω) and F 3+k (Ω, Ω) yield several terms that are power behaved in Ω 2 as well as terms involving lnΩ 2 . There are also contributions that are exponentially suppressed in Ω 2 which we shall ignore throughout our analysis which involve D(anti)-instanton contributions, as we are interested in analyzing transcendentality in the perturbative part of the amplitude. Apart from the terms in (1.4), the effective action (1.2) also contains non-local terms. These interactions have extra factors schematically of the form (lnD 2 ) n where n is a positive integer. Their role in the analysis of transcendentality is determined by the local interactions which have moduli dependence of the form lnΩ 2 which we shall discuss separately.
Note that on converting to the string frame, the effective action (1.3) yields
while the local terms (1.4) yield
6) where σ denotes quantities evaluated using the string frame metric. Similarly, on converting the non-local terms to the string frame and adding the local and non-local contributions together, in the string frame all terms involving factors of lnΩ 2 cancel. In fact every term that is power behaved in Ω 2 , takes the form Ω 2(1−g) 2 that can be interpreted as a perturbative g loop string amplitude.
Transcendentality and its violation for the four graviton amplitude
To begin with, we analyze the structure of transcendentality and its violation for the four graviton amplitude in type IIB string theory in ten dimensions. We first briefly list the perturbative data that is known for this amplitude at various loops from direct worldsheet calculations.
Perturbative data and transcendentality violation
The tree level amplitude is given by
where σ n = s n + t n + u n .
Here s, t and u are the Mandelstam variables given by s = −(k 1 + k 2 ) 2 /4, t = −(k 1 + k 4 ) 2 /4 and u = −(k 1 + k 3 ) 2 /4. The momenta k i satisfy the constraints 4 i=1 k µ i = 0 and k 2 i = 0.
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Assigning transcendentality or weight −1 to α ∂ 2 , 3 and −1 to e −2φ , we see that A (0) 4 has weight 2 and every term in the α expansion preserves transcendentality.
The one loop amplitude can be expressed as the sum of analytic and non-analytic contributions in the external momenta, and thus [1] [2] [3] [4] A (1)
The analytic contribution (which yields local terms in the effective action) is known upto the D 12 R 4 term in the low momentum expansion and is given by
The non-analytic contribution (which yields local and non-local terms in the effective action in the Einstein frame) can be evaluated at all orders [1] , and the leading terms in the α expansion are schematically given by 4
where µ l is a dimensionless renormalization scale. Assigning weight 1 to ln(α µ −2 l ∂ 2 ) [1] we see that every term in A (1) an and A (1) non−an has weight 2. Based on these observations, it is natural to expect that transcendentality is preserved for the one loop amplitude. Assuming this, we see that transcendentality is preserved upto one loop for the four graviton amplitude. Now let us consider the analytic terms that are known in the low momentum expansion of the two loop amplitude. They are given by [10, 11] A (2) 4 ∼ e 2φ ζ(4) α 2 σ 2 + α 3 σ 3 R 4 .
(2.6)
The two terms have weights 3 and 2 respectively, and thus we see that transcendentality is violated at two loops. Similarly, at three loops the D 6 R 4 term is given by [12] A
which has weight 5, hence violating transcendentality. Thus we see that transcendentality is violated beyond one loop for the four graviton amplitude. This leads us naturally to two questions. First, can we analyze the transcendental structure at one loop beyond the first few orders in the low momentum expansion, and see if there is any violation? Secondly, can we understand the violation at two loops and beyond at higher orders in the low momentum expansion? We now turn to this analysis based on spacetime, rather than worldsheet, techniques.
Note that for the local contributions we have assigned weight −1 to α ∂ 2 . Thus all the spacetime interactions that arise at the same order in the α expansion have the same transcendentality (for example, s 3 R 4 ,s 2 R 5 and F 2 5 R 6 wheres is a Mandelstam variable for JHEP02(2020)034 the five graviton amplitude, and F 5 is the self-dual field strength). 5 The moduli dependent couplings of these interactions have non-vanishing weight on assigning weight −1/2 to Ω 2 . Thus it is natural to assign weight −1/2 to Ω 1 as well, and vanishing weight to all other fields. Hence among the fields, apart from the overall moduli dependent couplings, the fields in the spacetime interactions have no weight. This is also true if the interactions depend on Ω because such terms can only involve factors of Ω −1 2 ∂ µ Ω. On the other hand, our analysis based on supersymmetry and S-duality is in the Einstein frame where for example, the metric has non-vanishing weight, and also one gets factors of lnΩ 2 . Hence we analyze transcendentality only in the string frame, where couplings admit a perturbative expansion of the form Ω
Thus we have assigned non-vanishing weight only to α ∂ 2 (and also to ln(α ∂ 2 )) and Ω, which are related to the worldsheet and spacetime complexified couplings respectively, which is natural from the point of view of field theory where one can similarly analyze the issues of transcendentality and its violation. For example, assigning weight −1 to the Yang-Mills coupling in N = 4 Yang-Mills, we see that every term in the perturbative expansion of the planar cusp anomalous dimension has weight −2 [13, 14] . On the other hand for example, transcendentality is violated in the perturbative expansion of the planar anomalous dimension of the Konishi operator (see [15] for the eight loop result).
Supersymmetry and S-duality constraints on transcendentality violation
From the previous analysis, we see that is not straightforward to obtain perturbative data beyond the first few loops from worldsheet calculations. Even for those cases where the amplitude is known, it is non-trivial to obtain data at arbitrary orders in the low momentum expansion. So in this section we shall proceed differently.
In worldsheet calculations, at every loop order we obtain an expression for all α . Expanding in small α , this leads us to the higher derivative interactions in the effective action. A complementary point of view is to analyze the effective action, where at a fixed order in the α expansion, every interaction has a moduli dependent coupling that is exact in the string coupling, even nonperturbatively. In the Einstein frame, for the purely gravitational terms in the effective action, these moduli dependent couplings are S-duality (or SL(2, Z)) invariant. We shall see that constraints of supersymmetry and S-duality impose restrictions on these couplings, which when expanded for weak string coupling, give us information about the transcendental nature of the perturbative data.
The action (1.2) is invariant under the supersymmetry transformation
and hence δS = 0. Here δ (0) is the supersymmetry transformation of supergravity, while the other terms δ (3+k) ∼ α 3+k yield corrected supersymmetry transformations. 6 Expanding JHEP02(2020)034 δS = 0 in powers of α , while the leading contribution gives us δ (0) S (0) = 0, the subleading contributions give us that
where n ≥ 3, and p, q ≥ 3. For the 1/2 BPS R 4 and the 1/4 BPS D 4 R 4 interactions, only the first two terms in (2.9) contribute corresponding to n = 3 and n = 5 respectively, leading to couplings that satisfy Laplace equation on moduli space. In fact, the analysis is simpler on considering the maximally fermionic interactions in the 1/2 and 1/4 BPS supermuliplets [16, 17] , which lead to SL(2, Z) covariant couplings, while the other interactions are related by supersymmetry. On converting to the string frame, for the R 4 interaction, we obtain the perturbative contributions having weight 2 [18] 
On the other hand, for the D 4 R 4 interaction, we obtain the perturbative contributions [19] 
leading to transcendentality violation at two loops by 1 unit. For the 1/8 BPS D 6 R 4 interaction as well as for the non-BPS interactions that occur at higher orders in the α expansion, the last term in (2.9) contributes. This leads to Poisson equations on moduli space, where the source terms are given by couplings at lower orders in the α expansion. These source terms that arise from the supervariation of the form δ (p) S (q) are at least quadratic in the couplings, where one factor arises from the coupling in S (q) while the other factor arises from the coupling in the corrected supersymmetry transformation δ (p) whose form is dictated by the closure of the supersymmetry algebra [7] 7 and involves an appropriate coupling in S (p) . For the D 6 R 4 interaction, this leads to the perturbative contributions [20] 
leading to transcendentality violation at three loops by 3 units. Thus for these BPS interactions we obtain agreement with the structure obtained by worldsheet techniques.
Transcendentality of non-BPS interactions from recursion relations
The D 2k R 4 interactions in the effective action for k ≥ 4 are non-BPS, and for them exact Poisson equations satisfied by the couplings are not known. They are not expected to satisfy perturbative non-renormalization theorems, and hence they are not expected to 7 For the D 6 R 4 interaction in S (6) , the source term is given by the square of the R 4 coupling, which is in S (3) . 8 The structure of such Poisson equations has been deduced in [7] for the maximally fermionic interactions in the various supermultiplets, and the structure of the equations for the D 2k R 4 interactions should follow from supersymmetry, though this has not been elucidated in detail.
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satisfy simple Poisson equations. Moreover, the coupling can split into a sum of terms each of which satisfies a separate Poisson equation. Thus for such interactions, we shall not be able to analyze all the perturbative contributions, and hence transcendentality in complete detail. However, we now show that one can still partially analyze the transcendental structure of various multiloop amplitudes that arise from these interactions at arbitrary orders in the α expansion, based on our knowledge only of the BPS interactions we have discussed previously. Thus this analysis based on supersymmetry and S -duality is distinct from the worldsheet perspective. A Poisson equation satisfied by these couplings is of the general form
where the coupling of an interaction is given by i f i (Ω, Ω), and g i (Ω, Ω) is the source term in the equation for f i . We do not know into how many f i each spacetime coupling decomposes into, and for each i, we do not have a detailed understanding of the source term g i . In fact, along with other contributions, we expect that the source terms in the Poisson equations for the D 2k R 4 interaction will also involve contributions from the D 2k R p couplings for p > 4 as well. Such kind of operator mixing is much like what happens in quantum field theory. 9 However, we can still analyze the issue of transcendentality in considerable detail for the perturbative part of D 2k R 4 interaction by keeping only those source terms in the Poisson equations that arise from the D 2k R 4 interactions for k < k. At sufficiently low orders in the α expansion, these source terms are given by BPS interactions for which we know the complete perturbative behavior.
Though this ignores various other source terms of the type described above, this will lead to results for the transcendentality for various multiloop amplitudes for the D 2k R 4 interaction, which are difficult to derive otherwise. But now we can recursively use these results to analyze interactions at higher orders in the α expansion given by D 2k R 4 for k > k, where the source term involves the D 2k R 4 coupling. This allows us to calculate the transcendentality of various amplitudes at arbitrary orders in the α expansion.
To understand the perturbative part of the coupling, we focus on only the Ω 1 independent part of g i that is power behaved as well as possibly logarithmic in Ω 2 . We ignore terms that are exponentially suppressed in Ω 2 since they correspond to D-instanton anti-instanton bound states carrying vanishing R-R charge. Thus keeping only these contributions, (2.13) reduces to
In the source terms, m and n can be fractions, while p is a positive integer. While the origin of terms that are purely polynomials in Ω 2 is obvious, we briefly review the origin of terms that involve lnΩ 2 in the Poisson equations.
Worldsheet calculation of loop amplitudes produce non-analytic terms in the external momenta, some examples of which have been mentioned previously at one loop in (2.5) . This schematically leads to interactions involving factors of [ln(α µ −2 s)] n (where n is a positive integer) in the amplitude. On converting to the Einstein frame, this leads to factors of [ln(α µ −2ŝ ) + (ln(Ω 2 µ −4 µ 4 ))/2] n for those interactions in the effective action, whereŝ is a Mandelstam variable in the Einstein frame. Thus apart from non-analytic terms in the effective action, this also leads to an analytic term involving [(ln(Ω 2 µ −4 µ 4 ))/2] n . Thus source terms that are logarithmic in Ω 2 in the Poisson equations arise from non-analytic terms in the string frame, and play a crucial role in S-duality. Now consider the equation (2.14) . We can write the solution in the form
The first two terms are the solutions to the homogeneous equation, while the others yield the particular solution. The third term involving the summation depends only on the coefficients a m;i and not on b n,p;i , in fact, a m;i is proportional to a m;i upto numerical factors of vanishing transcendentality. These terms that are purely power behaved in Ω 2 lead to local terms in the amplitude on converting to the string frame.
What about the structure of the amplitude that results from the remaining term in (2.15)? This term involving the summation depends only on the coefficients b n,p;i and not on a m;i . In (2.14), for a fixed n, let p range from 1 to p max . Then in (2.15) for that value of n, the integer q ranges from 0 to p max . Thus while b n,pmax;i is proportional to b n,pmax;i upto numerical factors of vanishing transcendentality, b n,q;i for 0 ≤ q ≤ p max − 1 is a linear combination of b n,p;i for 1 ≤ p ≤ p max , with coefficients of vanishing transcendentality as well. 10 This statement is true for every n. For a fixed n these terms can lead to local (from q = 0) as well as non-local terms in the string amplitude, where the non-local terms have momentum dependence of the schematic form (ln(α s)) k for 1 ≤ k ≤ p max while the loop dependence is determined by Ω n 2 on converting to the string frame. Now it is possible that the terms involving lower powers of k can be absorbed into the terms involving higher powers of k by changing the renormalization scale and subtracting a constant term which changes the coefficient of the local term. 11 Whether this happens or not can be determined only by knowing the details of the various coefficients, which we do not have access to. However, it follows from our argument that the source terms do lead to non-local terms of the form (ln(α s)) pmax for every n with its coefficient given by b n,pmax;i upto numerical factors of vanishing transcendentality. 12 10 These conclusions follow from the integral
which arises in calculating the particular solution of (2.14). 11 For example, (ln(α s)) 2 + 2(ln(α s)) = [ln(eα s)] 2 − 1. 12 Note that if m = si or 1 − si in (2.14) then we also get a term of the form Ω m 2 lnΩ2 in the solution apart from those in (2.15) . Similarly, if n = si or n = 1 − si in (2.14), we also get an additional term of the form JHEP02(2020)034
Thus from the structure of the source terms that contribute to the Poisson equation, we see that (i) every source term of the form a n Ω n 2 yields a term in the solution to the Poisson equation of the form a n Ω n 2 on ignoring numerical factors of vanishing transcendentality, which leads to analytic terms in the amplitude, (ii) every source term of the form Ω n 2 pmax p=1 b n,p (lnΩ 2 ) p yields a term in the solution of the form Ω n 2 b n,pmax (lnΩ 2 ) pmax on ignoring numerical factors of vanishing transcendentality, which leads to a non-analytic term of the schematic form b n,pmax (ln(α s)) pmax in the amplitude, where the number of loops is determined by Ω n 2 on converting to the string frame, (iii) these conclusions are independent of the eigenvalue.
Thus even with a limited knowledge of source terms in the Poisson equations, we can obtain partial results at various loops for string amplitudes, and can we can analyze transcendentality violation for them. All other source terms will give additional contributions beyond the ones we consider.
Transcendentality and its violation: examples and generalities
From the above discussion, we see how the source terms yield contributions at various loops to the string amplitude from the structure of the Poisson equation. In fact since we are interested in only the transcendentality, from (i), (ii) and (iii) above, it is easy to write down these contributions once we know the large Ω 2 expansion of the source terms, as the solution to the eigenvalue equation essentially yields the source terms themselves, with an elementary restriction on the logarithmic dependence. For a set of source terms that arise in the Poisson equation for F , we label the solution including these contributions as [F ]. 13 We note that for the D 2k R 4 couplings in (1.4) for k ≤ 3, we have that
for the BPS couplings. 
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We now analyze transcendentality for some non-BPS couplings with (2.17) as source terms in the Poisson equations. 15 For the D 8 R 4 term, we have that in the string frame yielding contributions upto three loops. Transcendentality is violated at two and three loops by 1 unit (the non-analytic term at two loops preserves transcendentality). Proceeding similarly for the D 12 R 4 term, we have
schematically leading to which yields contributions upto four loops in the string frame. While the analytic contributions violate transcendentality by 3 units at three and four loops, the non-analytic contribution violates it by 1 unit at three loops. For terms at higher orders in the α expansion, the source terms in the Poisson equation involve non-BPS couplings. For these couplings, we use the results obtained above to analyze transcendentality. Thus recursively we can perform this analysis for a restricted class of source terms at all orders in the α expansion. We now consider the first two such cases.
For the D 14 R 4 term, we see that schematically, yielding contributions upto five loops. Transcendentality is violated by 1 unit at two loops, 1 and 3 units at three loops, 1 unit at four loops and 4 units at five loops. 17 Thus we obtain various contributions for multiloop string amplitudes, and the results agree with known results, and further generalize them.
Hence proceeding recursively, one can generalize this analysis to higher orders in the α expansion and obtain the transcendentality of various multiloop amplitudes. Let us analyze an interesting subset of such contributions at all orders in the α expansion. Restricting ourselves to analytic terms only, we consider maximally transcendentality violating amplitudes at higher orders. From (2.17), note that it is violated by 1 unit by [F 5 ] and by 3 units by [F 6 ]. Thus we perform this analysis for [F 6k ] for 6k mod 6 (k ≥ 2) keeping only the maximally transcendentality violating contribution that is analytic in the external momenta. 18 For [F 6k ], the maximally transcendentality violating contribution comes from 
leading to the 3k − 1 and 3k loop contributions
For the last two cases which involve non-BPS couplings as the source terms in the Poisson equation, we note that possible source terms that we have not considered can change the structure of the non-analytic terms as we have mentioned previously, since they can yield higher powers of lnΩ2 with the same coefficient as the ones we have in our list of source terms, thus changing the value of pmax for given n. It will be interesting to check if this happens. 18 For k = 1 we reproduce the results obtained above.
which violates transcendentality by 3k − 2 units. Proceeding similarly, we have that
yielding the 3k and 3k + 1 loop contributions
violating transcendentality by 3k units. Also 
at 3k +2 loops, and violates transcendentality by 3k + 1 units. Thus we see how constraints imposed by supersymmetry and S-duality constrains transcendentality of various multiloop amplitudes. These results are consistent with known perturbative results.
Transcendentality at one loop and modular graphs
From the discussions above, we conclude that transcendentality is violated beyond one loop, with specific patterns of violation. While uniform transcendentality for the tree level amplitude follows from (2.1), it is not obvious that it is preserved for the one loop amplitude at all orders in the α expansion. We now analyze this issue for a restricted set of terms for the analytic as well as non-analytic contributions that result from the one loop amplitude, based on our discussion above. We then study connections with the worldsheet analysis.
The analytic contributions
First let us consider the analytic terms that result from the one loop amplitude. From the constraints we have analyzed above, we see that they involve at least the terms
which have been denoted schematically. We denote these various contributions as s k R 4 because for sufficiently large values of k, there can be more than one spacetime structure of the form σ p 2 σ q 3 with 2p + 3q = k and our analysis is insensitive to this distinction. 19 While the other terms in (2.38) have been deduced above, we note that the ζ(2)ζ(7)s 7 R 4 term follows from (2.24) on using [F 7 ] ∼ ζ(7)Ω 7/2 2 which is a consequence of the tree level D 8 R 4 19 This happens first for k = 6, with the two distinct possibilities being σ 3 2 and σ 2 3 .
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term that follows from (2.1). We did not obtain this from the source terms in the Poisson equation, and this has to be put in separately. 20 While one can proceed at higher orders in the α expansion systematically, let us obtain some one loop contributions at all orders, by considering contributions that arise from [F 6k ] for 6k mod 6 (k ≥ 2) (for k = 1 we reproduce (2.38)). We consider very simple contributions from the source terms that yield one loop contributions.
respectively, on expressing the quantities in the string frame. It is straightforward to get contributions involving zeta functions of higher weights as well. For example, using 
The non-analytic contributions
We briefly mention the non-analytic contributions as the analysis is similar to what we have done before. Based on the constraints of supersymmetry and S-duality, we see that the first few non-analytic terms beyond α s(ln(α s))R 4 at one loop are schematically given by among the set of terms we have considered. The basic structure of each of these contributions can be motivated by analyzing the discontinuity across the two particle unitarity cut for the one loop diagram with tree level quartic vertices [3] . One can generalize this analysis to arbitrary orders in the α expansion to include certain classes of terms as we have done above for the analytic terms. Now all these one loop contributions, both analytic and non-analytic, preserve transcendentality, suggesting this might be true in general. Also among the set of terms we have considered, ignoring the spacetime structure we see that apart from an overall factor of ζ(2), these contributions only involve Riemann zeta functions of odd weights and not even weights. This suggests that upto the overall factor or ζ(2) it is possible that Riemann zeta functions of even weights never appear. Finally, uniform transcendentality of the terms that result from the one loop amplitude also implies that the coefficient of the α k s k R 4 term has weight one more than the coefficient of the α k s k (ln(α s))R 4 for every k. 20 In the eigenvalue equation, it can arise if the eigenvalue is 35/4 as a solution to the homogeneous equation [7] . This term in [F7] also leads to the tree level contribution ζ(3)ζ(7)e −2φ α 7 s 7 R 4 which is consistent wth (2.1). 21 
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Transcendentality and the worldsheet analysis
Even though our spacetime analysis above is only for a class of terms at one loop, we would like to analyze the transcendental structure from the worldsheet perspective as well, in order to obtain connections between the two approaches. Given the limited worldsheet as well as spacetime data, our analysis leads to a specific pattern of contributions to the effective action from the one loop amplitude.
To begin with, restricting ourselves to local terms in the effective action, they are obtained from the α expansion of the one loop amplitude [22] A (1) 4,an ∼ πR 4
where we have integrated over F L , the truncated fundamental domain of SL(2, Z) given by [2]
We take L → ∞ at the end of the calculation and the finite terms that remain give us the local terms in the effective action. The dynamical factor of the amplitude is given by
where z (i) (i = 1, . . . , 4) are the positions of insertions of the vertex operators on the toroidal worldsheet Σ of complex structure modulus τ , given by
The Koba-Nielsen factor contains D defined by
47)
where G ij is the scalar Green function between the points z (i) and z (j) and is given by [2, 23] G(z; τ,τ ) = (m,n) =(0,0) τ 2 π|mτ + n| 2 e π[z(mτ +n)−z(mτ +n)]/τ 2 .
(2.48)
Now performing the α expansion of (2.43), we see that it takes the form
where we have been schematic about the momentum dependence of the terms in the sum. (τ,τ ) can be depicted by a connected one particle irreducible vacuum graph where the links are given by the scalar Green function, while the vertices are integrated over the torus with measure d 2 z/τ 2 . Every term G (a) k (τ,τ ) in the sum in (2.50) consists of modular graphs with a total of k links and at most four vertices for the four graviton amplitude. For example, G 2 has only one term in the sum given by 23
52)
while G 4 can be expressed as
Now while topologically there are several graphs at every order in the α expansion, there are several algebraic relations between them which vastly reduce the number of them that have to be integrated individually over the moduli space of the complex structure of the torus. This feature, coupled with Poisson equations the modular graphs satisfy on the worldsheet moduli space and their asymptotic expansions around the cusp τ 2 → ∞, is helpful in performing these integrals [4, [24] [25] [26] [27] [28] [29] [30] [31] [32] and obtaining the coefficients of the various terms in the effective action.
Based on known results for the worldsheet analysis for the first few terms in the α expansion upto the D 12 R 4 term, a natural pattern emerges for the final expression for the integrand over moduli space at arbitrary orders in the α expansion. 24 The integral can be expressed as
which contributes to the amplitude at O(α k ) in the low momentum expansion for every distinct spacetime structure. In (2.55), the first term which involves various modular graphs, is a boundary term on moduli space, on using ∆ = 4τ 2 2 ∂ 2 ∂τ ∂τ .
(2.56) 23 We denote ij...
for brevity. 24 If there is more than one spacetime structure, this is true for each one of them.
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Here F k satisfies the Poisson equation The last term involving P k in (2.55) is given by a sum of terms, each of which is at least bilinear in modular graphs. Though we do not have a detailed understanding of this contribution, available data suggests that on integrating over moduli space and keeping only terms that are constant and those that diverge as lnL as L → ∞, we can choose the graphs that appear in P k such that
where the constants d k and e k have the same transcendentality as 25 1 π
Now it is important that in the decomposition in (2.55), the eigenvalue in (2.57) for the Poisson equation for F k is non-vanishing. For example, for the D 6 R 4 term, 26 25 This condition is important because it does not allow the contribution from P k to mix with the contribution from c k in (2.55). In fact, they have different transcendentalities as we shall discuss later. 26 For this interaction P3 = 0.
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Connecting the spacetime and worldsheet analysis
We now analyze the transcendentalities of the various contributions that result from (2.55) and make contact with the spacetime analysis we have performed earlier. The worldsheet and spacetime analysis is in agreement upto the D 12 R 4 term upto which the worldsheet analysis has been done. However, we would like to understand how the pattern of the one loop amplitude obtained using (2.55) compares with the spacetime analysis for interactions at higher orders in the α interaction. Turning the argument the other way around, the spacetime analysis predicts the transcendentality of certain terms in the worldsheet analysis at all orders in the α expansion. First we consider the consequences of the worldsheet analysis. A modular graph with l links can be expanded around the cusp τ 2 → ∞ to yield terms that are power behaved as well as terms that are exponentially suppressed in τ 2 . The power behaved terms are of the form [4, 25, 33] 
66)
where y = πτ 2 , λ l has weight 2l − 1 and we have ignored numerical factors of vanishing weight. While each term in (2.66) has weight l, it is conjectured that the coefficient of the O(y l−m ) term for m = 3 and 5 ≤ m ≤ 2l − 1 is given by single-valued multiple zeta values of weight m, which are defined by a single valued projection of multiple zeta values [34] . 27 As an aside, we note that the dimension of the space of single-valued multiple zeta values in the ring over the rationals is one upto weight 8, and two at weights 9 and 10. 28 Thus upto weight 10, using (2.67) we see that they can be expressed in terms of Riemann zeta functions of odd weights. Things are different at weight 11, which will be relevant for our analysis of the five graviton amplitude later. Now let us analyze the terms in (2.55). To begin with, we see from (2.43) and (2.45) that the integrand is a sum of terms, each of which contains (possibly products of) one particle irreducible vacuum graphs with a total of k links and upto four vertices. Using algebraic relations between the graphs, the integrand can be simplified. Finally, using (2.57) some of the terms yield the first term in (2.55). 29 Thus F k can be expanded as (2.66) with l = k. Expressing F k as a sum of terms, this is trivially true for those terms in the sum each of which is a graph with k links. Every term in the sum that is not of this type is a product of m graphs for m ≥ 2, each with k m links such that m k m = k. Each such graph satisfies (2.66) with l = k m . Thus the product has the asymptotic expansion 27 Note that ζsv(2n) = 0, ζsv(2n + 1) = 2ζ(2n + 1) (2.67)
where n is a positive integer greater than 1. 28 For example, at weight 9 the space is spanned by ζsv(9) and ζsv(3) 3 , and at weight 10 it is spanned by ζsv(5) 2 and ζsv(3)ζsv (7) . 29 Hence we insist that the eigenvalue λ k is non-vanishing.
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which is contained in (2.66) for l = k. Thus, suppose the term that is linear in y in F k is given by a k y, where a k has weight k − 1. Then (2.58) contributes ζ(2)a k α k s k R 4 to (2.55), which has weight one. It follows that c k has transcendentality k and hence (2.59) has weight two. From (2.61) it follows that d k and e k have weight k − 1, and hence (2.60) has weight one. Note that while a k and c k are given by single-valued multiple zeta values, we cannot make such a statement in general for d k and e k due to our lack of a detailed understanding of (2.60). Now the non-analytic terms are obtained from the region of the fundamental domain R L , given by If we assume that the coefficients that arise in (2.73) are such that the terms in (2.73) can be absorbed in the second term in (2.72) by appropriately choosing the scale µ k and then all terms have weight two 31 and transcendentality is preserved. However, if this is not the case, this will lead to transcendentality violation at one loop. One can also have violation if the analytic contributions from (2.70) break transcendentality.
It is important to note that the separation between analytic and non-analytic terms is ambiguous because one can always obtain analytic terms from the non-analytic ones by changing the scale of the logarithm. However, there is a natural separation as in (2.72) because the coefficient of the analytic term has weight one more than that for the nonanalytic term. For example, for the σ 2 3 R 4 term, c 6 ∼ ζ(3) 2 , while e 6 ∼ ζ (5) . 30 There are also analytic contributions that arise from (2.70), and we have assumed they can be included in (2.71) by appropriately choosing the scale µ k , which can be done at least upto the s 6 R 4 term [1] . If this is not the case at higher orders, this will lead to extra analytic terms that have to be analyzed separately.
In fact, as mentioned before, unitarity cut construction of the one loop amplitude determines e k in terms of ζsv(2n + 1) with n ≥ 1. 31 In fact, this is indeed the case upto the s 6 R 4 term [1] .
Now our spacetime analysis yields contributions that preserve transcendentality, and hence we compare them with the general structure that follows from (2.72). For the analytic as well as non-analytic contributions, apart from an overall factor of ζ(2), we obtain only factors of ζ sv (2n + 1) with n ≥ 1 for the various interactions, which agrees with (2.72). Also the coefficient of the α k s k R 4 term has weight k + 2, which is one more than the coefficient of the α k s k (ln(α s))R 4 term which has weight k + 1, in agreement with (2.72). Thus the spacetime analysis precisely agrees with the structure the follows from the worldsheet analysis for the limited set of interactions we have considered at all orders in the α expansion.
Analyzing the five graviton amplitude
We now briefly analyze the issue of transcendentality of multiloop amplitudes for the five graviton amplitude based on constraints of supersymmetry and S-duality. A lot of the analysis is very similar to the four graviton amplitude, hence we shall discuss certain features that are different from the four graviton amplitude.
At tree level, low momentum expansion of the five graviton amplitude yields contact interactions in the effective action that have coefficients of the Mandelstam variables given by single-valued multiple zeta values [8, [35] [36] [37] . However unlike the four graviton amplitude given by (2.1) which involves Riemann zeta functions only, higher point amplitudes involve multiple zeta values that cannot be expressed in terms of zeta functions. In the α expansion of the five graviton amplitude, this first occurs for the D 14 R 5 term [36, 37] , which in the string frame, yields terms in the effective action (1.6) of the form
The coefficients involve the three elements in the ring over rationals of the basis of singlevalued multiple zeta values of weight 11 [34] . Now using we see that ζ sv (3, 5, 3) cannot be expressed in terms of Riemann zeta functions unlike the other coefficients that appear in (3.1) or at lower orders in the α expansion. 32 In (3.1), (D 14 σ ) i R 5 σ (i = 1, 2, 3) represents three distinct spacetime structures whose details are not relevant for our purposes. 33 Proceeding along the lines of the analysis of the four graviton amplitude, we now perform an elementary analysis to obtain some D 2k R 5 interactions which contain ζ sv (3, 5, 3) 32 At weight 11, a basis of multiple zeta values in the ring over rationals has 9 elements which includes the ones on the right hand side of (3.2). 33 Note that in [36, 37] , the basis elements are given by ζsv(5, 3, 3), ζsv(11) and ζsv(3) 2 ζsv(5), while the basis elements we use are the ones in [25, 33] . To go from one to the other, we use 
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beyond tree level. 34 We include only those source terms in the Poisson equation that result from the D 2k R 5 terms for k < k. While the R 5 term vanishes onshell, the D 2 R 5 and D 4 R 5 interactions are 1/4 and 1/8 BPS respectively. For simplicity we consider interactions whose source terms in the Poisson equations have one factor involving the D 14 R 5 coupling, while the other factor involves the five graviton BPS couplings.
Considering the D 2 R 5 coupling as a factor in the source term, we have that upto three loops in the string frame for the D 26 R 5 interaction. The three loop term violates transcendentality by 3 units.
Going beyond the type II theory in ten dimensions
While we have analyzed transcendentality in various amplitudes for the type IIB theory in ten dimensions, it is interesting to consider other cases as well. Let us compactify the theory on a circle and consider the type II theory in nine dimensions, and analyze the perturbative contributions to the BPS interactions [3, [43] [44] [45] [46] . For the R 4 interaction, we get . 34 Low momentum expansion of the five graviton amplitude at one loop has been considered in [39] [40] [41] , and at two loops in [42] .
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where r is the radius of the circle in the string frame, and as before we have ignored numerical factors with vanishing weight. Assigning vanishing transcendentality to r, we see that transcendentality is preserved. For the D 4 R 4 interaction we obtain
and hence transcendentality is violated at one and two loops by 1 unit. Finally the D 6 R 4 interaction yields Thus transcendentality is violated by 2 units at one loop by the term which has (r 5 + r −5 ) dependence on the radius of the circle, and by 3 units at three loops. Hence the 1/4 and 1/8 BPS interactions violate transcendentality beyond tree level. As another example, consider the heterotic theory in ten dimensions. The tree level four graviton amplitude leads to the contact interaction [47] [48] [49] ζ(3)t 8 t 8 R 4 + t 8 t 8 R 4 (4.4) where the two tensor contractions yield different spacetime structures, thus violating transcendentality at tree level.
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